
D
Vankampenstheoremlet

6
,

and 62 be two groups

a word in 6,062 Is a finite sequence

X = ( X
, ,xz ,  . .  . xa ) Some n

where each xi  is an element in 6. VGZ

define an equivalence relation on the set of words generated by

i ) replace a ,b in a sequence with a. b it a. bare in same 6 ;

( and the reverse of this )

(2) if eg
.

is in a sequence remove it ( here eg
,

is the

( and the reverse of this ) identity in 6)

exercise : Show this Is an equivalence relrt

denote the equivalence class of × by [ × ]

call a word ×= 1 ×
, ,×u ,  

. . . ixn ) reduced If

x. ±

egf
the identity in either group )

X
, ,x , + ,

from different groups

exercised: each equivalence class [ x ] contains a unique reduce word
.

the tree

product
of G. an 6

.
Is the group G. * G. of all equivalence

classes of words in 6,062

multiplication Is [ ×
, , ... ,×m]i[ y, , . . .yn]=[×' in '×miYi ) "Yn]

and let e = empty word



note : ex =xe=x Hx

X.
 '

= ( xii
, ... ,×i

')

exercise : Check multiplication Is associative
( induct on length )

Remark: we could define 6. * 6- to be the collection of

reduced words In 6,062 with multiplication

( ×
' , .  . . ,×m) . ( y , , ... , yn ) = Unique reduced word

{
in [ x. , ... xm, y, ,  

. . Yn ]

throwoffreeproducts
let ) ;

: G. → G. * 62 be the obvious inclusion 1=1,2

given any homomorphisms 01
,

'

. 6. → H

( Y±mIEfnmg;
.ua#wiseImrYyIeII9mI

pictorial "

cnet.to#.
.*

exercise : Show property above defines the free product

ie .
if D is any other group satisfying property

then D= G. * 6
.

the above property called a universalproperty



eixample :

zf * Z = { x
" ' ym'

. . . x
"

hymn
,

xmyml . . . xnn
,

ym ' Xm .  - - Xm
,

ymxni . . .  ynk
,

e }

{In } Tyng complete list of elts n
, ,m ,

to

this is called the freegroepEnZgenerators and denoted E

in generalthe treegroepeeagenerators is

Fn = Fn
. ,

* Z  =Z*Z ( also have F.no )
n - times

= I all words in n - letter alphabet )

note : a homomorphism f : Z → G is uniquely specified

by fu ) and for any choc ie g E G
,

I !

homomorphism sending I to go.

From above property we see we get a unique homomorphism

Fn → It once we specify where the n generators go

a grumppresentation is

( x I R >

where X is some set

and R is a collection of words in the letters X

,cardinality
of X

let Fn = free group on n generators where n = IN

so we can think of Fn as words in X

:
. R is a collection of elements in Fn

let LR ) be the smallest normal subgroup of Fn containing R

the group that LX I R > represents is Fn ,LR >

intuitively : L x , , . . . ,xn Ir
, . .  . Rm ) is the group of all words in xi and xi

'

where it you see r
, you can remove it

( you can also insert it anywhere )

examples :
-

i ) L g Ign > this is all words in g and g
- '



. . . g-
-

, g- ie, g ,g2, g3 . . .
. ,g

"

, . - .

but g
"

-

- e so gnt
'

-

-

g
"

g -

-

g

and g-
'

= g
"

g
- I

= gn
-  '

so every element is of the form gk o Ek an

exercise : Lg

Ign
> → za ← integers modulo n

gh t Eh ] is an isomorphism

so Lg
, g

" ) is a presentation of En

2) a presentation of Zt is ( g I >

lemmali :

-7every group
G has a presentation-

Proof : given G
,

let X be a subset of G that generates G

let n = 1×1 ( could be re )

F ! lo : Fn → 6

genera Cor to ett X

let N= kerb 0 Fn C normal subgroup)

1st isomorphism theorem says

G = Ehr
let R be elements of N that generator

So GE L X I R >

exercises :

-

c) If G = Lg , , . . . , gnlr , . . . rm )
,

then for any group H and

any map to :{ g , , . .  - gu } -7 H satisfying loch ) -
- eh

7- ! homomorphism I : G →

H
set

.

I Cgi - 4cg ,

2) if G. = Lg , , . . . gnlr ,  - .  - rn >

Gz = Lh
, . . . hnl Si

,  - - - Se )

then G. * GE ( 9 , , .  . Gn , hi - - - hhlri - - - rm ,
s

,  
- - . Se )



given groups G
,

62 and K and homomorphisms
4

,

'

. K → 6
,

2=1,2

then the freeproduct withamalgamation Is

G. * k6z= 4 *

6244,1kHzKD
"

)
nek

Where ( 4. lNµdhH"

)nek is the smallest normal subgroup of 6. * 62

containing the set { 4 ( k ) ( 4th ))
"

}nek
the idea here Is that we have words in the elts of 6

,
but when you

see 4. ( k ) in
'

a word you can replace it with % C k )

in terms of presentations ,
if G.= ( g ,  .  " gnlr ,

...  rm >

6z= ( 9 ,

'
... gu

'

, In
,

'
... rm

'

, )

K= ( h
, ... hnl s

, ... Se )

then
G. * k6z= ( 9 ,  - . -9N , 9 ,

'
. . . 9in' I ri .  - . rm ,

r
,

'

... rni
,

4. In , ) #(4)
"

... lY(hn)(YdhnD
"

)

exercises
. ) prove presentation above Is correct

2) let ) ,
: 6. → 6

,
* 6

,
be the natural inclusion maps

and J,
: 6

,
-76

, *kGz the induced maps

given homomorphisms 01
,

: 6
,

→ H ( H any group )

such that 0,04,
lhk 1%04

,
(k ) F he K

Ken F ! homomorphism § : G *
k 6. → H st .

OIOJ,=
 4

;

Ritually :
do

,

4g #\ , I >

k G * KG .
- - - . . > H

\
,

17 7
42 62JQZ

this Is the universal property for free products with amalgamation



Travel Seifert - Van Kampen) --

let X be a path connected space with base point Xo

suppose X = AUD where

i

:÷÷÷÷÷÷

:: :::
" " " " " "

I
Ypg : To CAN B. xo ) → T

,
1B

.
xD

be the maps induced by inclusion

An B
C A

C B

Then
it

,
Cx. x. ) I T.LA

,
Xo ) *

a
, can B. × ,

'T lB. %)

I

Remain: More generally ,
it I Aal a collection of path - connected open sets in

X
, Xo E Aa

,
Aah Ae .

Aan Apna y path connected V xp ,
8 then

I : I Titta
.

xo ) -1T
,

IX. xo ) surge 't ie with her E

the smallest normal subgroup N containing Gap )
*

C g) ⑨a)
*

Cg))
"

where lap : A an Ap → Aa is in
. close in

we can now compute lots of fundamental groups

example:  i )

let WE
"

wedge of two circles
' '

= S
'

v s
'

=

think of  as CW complex
or subset of IRZ

' et A
= O.O

exercise :
 is Anon . exo ,

2) A  = S
'

I B

and similarly B =

so a
,

IA
, xo ) I # = Gil I

so WE AUB
Tl

,
l B. Xo ) I Z  I L gal >

xoe An B = GO path connected Ti
,

CAN B. xo ) = le }



Ya : IT CAN B. xo) → TICA
, Xo ) s , in Harty for To

c-1-7 e

so
Tl

, ( Wr
,
xd I Tf I A. Xo ) *  

qq.mg
,

TTCB. to )

= Lg
,

I > *

, e ,
( gal I

= 59,9.
I 7 I E the free group on

2 generators

exercise :  is it www..ir s
'

i@wnedIiItiesthenTCWn.xo
) = Fn

2) it X is any connected graph ,
then Ti CX ) I Fn for some a

. t = in e ! '

I' to . .su .  we

now compute via Van Kampen)

let a and " "
•

Xo

exercise :  i ) A  = = Wz
9 , 92

2) B = Ipt }

nano .

- ÷÷! = = Os
'

So Th IA
,

Xo ) I 49
, , 9

,
I 7

Ti I B. xo ) = I e }

Ti I An B. xo ) = Lh I >

note : Ypg : IT I An B
, Xo ) → TCB

, Xo ) trivial map

what about Ya ?

Clavin Yacht - 9. Gag ,

-  '

gi
'



.

Xo
. ) -

f
Xo

÷
.

÷
.

h - g ,

* 92*5*52

SO IT ( T ? Xo ) I  IT l A. xo ) *

q can B. × ,
IT l B. Xo )

I l g , , go I > *
eh , y

le )

= ( 91,921 g , gag ,

-  '

gi
' > = Z  ④ I

[ exercise

exercise :  , ) if 2-
n

is the surface of genus n

tu = 4h - gon 4 identifications

⇒¥
then Tf I Eg ,

Xo ) = ( 91,92 . . .

9am
I II [ 922 - i i9zi ] )

where [ h
.

k ] = hhh
- ' k "

"

commutator
' '



2) this cs non abelian for n > I

I quotient out even g.
'

s )

3) In = Em ⇒ In I Em ⇒ n = m

That 17 . f .

#

let X be path connected

f : 3D
"

→ X be continuous

÷i÷x*÷÷:÷÷:*:c:* I
" " " ' =

::3:" ::
" ''

*
' . ' an

:÷÷÷÷
. .

⑦ need X to have a point x. ex with open nbhd U =

Exo
)

#
Remache

D So attaching I - cell adds generator to IT
,

(usually)

"  " 2 - cell adds a relation to T
,

"  " mis - cell doesn't change IT
,

2) This allows us to compute Ti ,
of any CW complex !

: Tf of any manifold and many other spaces
£ D2

Proofs: n f 12104

let A = X ofS
'

x C oil ] = X
-

D
'

- { o )

B = interior of D
'

= Ept}

An B -
- ( in 't D

' ) - 103 = s
'

let  yo c- An B that goes to

fcxo ) EX Under

4A : Ti ( AaB
,

yo) → TICA
,

yo
) def

. retraction A  = XSil 511

I g I ) IT
, IX. fcxo ) )

g - f *
Cg )

4,3cg ) -

- e

So Tf ( Y, Xo ) I Tf ( X
,

fixed ) *

z
{ e } = Ttx

,
A xo ) )

, ( f
* (g) I



exercise : Work out cases at 2

Why do  you need ⑦ for n = I ?

Cord

:#let G be any group with finite presentation\
then I a topological space X set

. Til X. a ) EG
-

Proof : let 6=-49 , , . . . ,
gnlr .  - . .

Rm )

let Wu = wedge of n circles
"

!
Tf l Wn , Xo) = L 9 , , . . . , gal >

for each r
;

let fi .
215 → Wa be a continuous map

set
. Hi )

*
111 -

- r
,

T
gear of Z -

- Tl
, ( s

' )

exercise : Why do we know such an f
,

exists ?

let X = Wn u

f.
( If

,

D
'

) ( what  is

TIX
. xo ) E G by The I ,

oh ? )

Proofofseiferteankampeathmlb :

let Ola: IT CA. Xo ) → IT
, IX. xd

top
: THB

,
xo ) → Til x. xd be the homomorphisms induced

by inclusions
ABE X

let

I : THA
, Xo ) * Tf CB. xo ) → Til X. xd

be the homomorphism induced on the free product
re . E kritis . . . Erika ) -

- talks ) - looked) - ' - 4,34%3)

÷:¥: "

mini:
'

am .
. .

as loops

so I 14am ) #END
"

) -

- EH - Eri
'

.

- e



so K = Hallo3)I YourD)
"

I c-her E
ED E IT ( AaB , Xo )

:
. I induces a homomorphism

,
still denoted OI

,

OI : IT A
, Xo ) * qcanqxojTCB.to) → Til X. xD

lemma 9 say E is surjective !

Claim : I inject 've

Suppose &
, ) E TICA

,
xd

,
Em

,
) e Til B

,
xo )

and E ( Erden
, ) . . . Cnn )) = H * n,

. . .  * nd = e ④

We need to show we can get from the word

[

rind
,

. .  .

1%3to the empty word by a sequence of

doesn't change

{
l 't replace

a. b by a . b if a
,

b in same group

word in That * TIB ) I and reverse of this )

doesn't change WB ){
hi it we see Ya Ck) then replace it with

word in
 UTAH THAN )

YB ( h ) ( and the converse ofthis )

to this end ④ says we have a homotopy
×

O
-

,

x x .

x1-
J

, Xo Mi

as in
'

proof of lemma 12lb ) can use Lebesgue number

lemma to find n Sf
. squares of side length th

are mapped byIt into A or B I can assume #

of In ,
divides u )



exercise : Can assume HC In.tn )=xo

( change H and KM ,

but by lomotopy hint : _↳⇐±t z ¥in
'

A  or B. respectively )

on radial lines of disk use path 8

so we have
X. to original Her

,
I )

x.EE#txfxt.x
Ei

Xo Xo

←* 8
,

"

4
,

'*n
,

"

~8
, in A ~7

,
in B

look at bottom row each ajcA  or B

9
go

92 go 93 To 94 S
,

C A or B in A 113
e.g.

-

x.

1*9^48*13
)× .

it adjacent squares

1 not both in same

8
,

' 8
,

"

7
,

'

4
,

"

A  or B

note :

[r
, ] [ y , ]=[r ,

]
,

Gil -19
,

"

] GFIAND
r ,*n

,
- 8. *

4,1*5*5
,

°

'

"

↳[r.bg#yij,tsthjtH=TlB.xo)
' ¥[rd ![ni ]![y ,

" ]
"III;:[In" "in"9Y}⇒ an.[%%ai

,
"

= [ 8. * 7,1*5*5,

}[
7,

" ]
"

=¢r,*n
, '*sd.[ 5,

#
[ y ,

" I
"

¥[ r

,*ni*sd,T5
,]![7,

"3
"*[ r,*ni*sd,°[5,]Y[7,

"3
"4.'

[ r ,*7 ,

'*sd,%8It%
" ] )

"

:[ r ,*y
,

'
* s

, ]![ 5*7
,

" ]
"

= [ a. * 92 * a
,

]![
a

, 3
"

So we can go from

one line [ oil ]x{ ⇒ to next

by "

amalgamation relations
"



The " formal proof
"

Imaybe don't do in class )

we show how to go
from the word defined by [ 0,1 ]x{ at }

to the one given by [ 0.1]×{ ¥ } using 4) and (2)

inductively we have a sequence of n elements [ a
, ]

...  .
[ an ]

where a = HIJ En
.#u]x #

each [ a
,

] E 6=4 1A. xD or H =
 

I. ( B. xD

(when 1=0
,

need to use ( i ) to break V
, ,y ,

into

smaller loops)

StepI : Use (2) to arrange each [ a
,

1 Is in G or H

according to whether the "

square above
"

a
,

Is in
' A or B

, respectively

Slept : if at ÷ the
"

squares
"

change from being in

A to being in 13 ( or vice versa )

then add 8
,

= H
Its ×[ In

,
# ]

and § to [ a
, . ,

]

2.e. [ a
, . D= [ a

, ,
* S

,
* § ]

G

Step : [ a
, .is ,

* 5, }, ,
,

Lap
"

= [ a
, . ,

* s
,} ,

[5,5 ,
[ a,3

't

= [ a. its ,j
,

[ 5,3
,

"

[ as "E
,

[ a
, . ,

* 8,5
,

[§*aD
"

(2)

Step4_: Use (1) to combine loops in
'

same 6 or H

( i.e. make reduced word )

and note each letter In reduced word

Is also represented by a product of paths

9
'

=H[ in
.

# ]×{¥ }
( via

' homotopy H )

Steps : Use 11) to breach this word into [ a
,

' ]
,

... ,[an
' ]

#y


